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ABSTRACT

In this paper, an analytical treatment of the atmospheric remote sensing problem of determining the
raindrop size distribution (DSD) with a spaceborne multifrequency microwave nadir-looking radar system
is presented. It is typically assumed that with two radar measurements at different frequencies one ought
to be able to calculate two state variables of the DSD: a bulk quantity, such as the rain rate, and a
distribution shape parameter. To determine if this nonlinear problem can indeed be solved, the DSD is
modeled as a � distribution and quadratic approximations to the corresponding radar–rain relations are
used to examine the invertibility of the resulting system of equations in the case of two as well as three radar
frequencies. From the investigation, it is found that for regions of DSD state space multiple solutions exist
for two or even three different frequency radar measurements. This should not be surprising given the
nonlinear coupled nature of the problem.

1. Introduction

An accurate quantitative description of the spatial
distribution of precipitation within a mesoscale system
requires one to specify not just the rain rate (or pre-
cipitating liquid water content) with a high three-di-
mensional resolution, but also the raindrop size distri-
bution, or at least its mean and variance. In the context
of cloud-resolving models, hydrometeor size crucially
affects the dynamics of the simulated systems, and in
particular the time scale of latent heating release (Fer-
rier et al. 1995; McCumber et al. 1991). The latter is an
essential component of the cumulus parameterizations
used in large-scale circulation models. In the context of
hydrology, the accurate retrieval of instantaneous sur-
face rain rates from spaceborne sensors is sensitive to
hydrometeor size because the relations between the mi-
crowave measurements and the underlying precipita-
tion have a significant dependence on drop size (Me-
neghini et al. 1992; Coppens and Haddad 2000).

A number of precipitation retrieval methods (Gold-
hirsh and Katz 1974; Goldhirsh 1975; Meneghini et al.
1992) have been proposed that use dual-frequency ra-
dar systems to estimate the rain rate R along with a

single drop size distribution parameter. The methods
are based on the heuristic idea that if one has simulta-
neous radar reflectivity measurements at two distinct
frequencies one ought to be able to estimate two pre-
cipitation state variables. Implicit therein is the assump-
tion that the radar–rain correspondence is one-to-one,
that is, that any given pair of reflectivities (Z1, Z2) is
produced by a single (R, �) pair, where we have called
“�” the DSD parameter that one then hopes to estimate
along with R.

A brief examination of the simplest DSD model re-
veals that the one-to-one assumption is tenuous. In-
deed, for an exponential DSD (Marshall and Palmer
1948)

N�D�dD � N0e��DdD drops of diameter D per

cubic millimeter, �1�

the equivalent radar reflectivity factors at two distinct
frequencies f1 and f2 are given by

Zi �
��i�

4

�5|Kw
�i�|2

N0�
0

�

�b
�i��D�e��D dD, �2�

where N0 is the y intercept and � is the slope param-
eter. Here �

b

(i)(D) is the backscattering cross section of
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a sphere of liquid water of diameter D and Kw
(i) is the

dielectric factor of water at frequency fi (i � 1, 2) or
wavelength 	(i). Mie scattering code is used to calculate
�

b

(i) values. The ratio Z1/Z2 depends on � only, though
the relation is clearly nonlinear and therefore not nec-
essarily invertible.

Figure 1 illustrates the problem when the two fre-
quencies are those of the proposed Global Precipitation
Measurement (GPM) mission’s core radar, namely, 14
and 35 GHz. The choice of frequencies of 14 GHz and
above is because of the cost and weight constraints
placed on space-based radar systems, in particular the
antenna. Even if the exact temperature of the rainwater
were known, for values of � corresponding to a mass-
weighted mean drop diameter Dm [which is equal to
4/� (Haddad et al. 1997)] smaller than 1.2 mm, any
measurement of the ratio Z1/Z2 would correspond to
two distinct values of � and, hence, two different DSDs.
On the other hand, when the mass-weighted mean drop
size is greater than 1.2 mm, the simple exponential
model suggests that it should indeed be possible to re-
trieve the rain rate as well as the DSD shape parameter.
The goal of this paper is to examine the problem with
more realism in the description of the DSD, and for
different frequency combinations. Section 2 examines
the dual-frequency problem, and section 3 examines
the case of a three-frequency radar.

2. Dual-frequency radar

To derive analytic equations for the dependence of
the radar reflectivity on the DSD, we start by modeling
the latter as a � distribution

N�D� � N0D�e��D, �3�

and we replace N0, 
, and � by a set of uncorrelated
parameters, namely, the rain rate R, the rain-normal-
ized mass-weighted mean drop diameter D� (�Dm/
R0.15), and the rain-normalized mass-weighted DSD
width s� (see Haddad et al. 1997) so that

� �
1

s�2D�0.33R0.074 � 4, �4�

� �
1

s�2D�1.33R0.23 , and �5�

N0 � 55
���4

��� � 4�1 � �1 � 0.53	�����4�
R. �6�

That (R, D�, s�) are uncorrelated is important because it
allows us to fix the values of s� and D� and vary R in
order to obtain one Z–R relation for every pair of val-
ues (D�, s�) at any given frequency.

While power-law approximations to the relation be-
tween Z and R have been frequently used (see, e.g.,
Battan 1973), such relations were generally intended
for ground-based radar systems with wavelengths in the
Rayleigh scattering regime for raindrop-sized scatter-
ers. For the present application to the higher frequen-
cies typical of spaceborne radars, we have made two
extensions to the standard power laws. First, because
there is an appreciable curvature in the log(Z)–log(R)
relations at rain rates below 2 mm h�1, we decided to
perform a quadratic approximation to each log(Z)–
log(R) relation (instead of the linear fits that produce
power laws). Second, we had to account for the non-
negligible absorption within a radar resolution volume
in the calculation of Z. For example, the attenuation
coefficient k at 35 GHz for liquid water is roughly k �
0.2R dB km�1 (with R in millimeters per hour), and it
is much higher at higher frequencies such as the Cloud-
Sat radar’s 94 GHz. This implies that a modest 3 mm
h�1 of rain would attenuate a 35-GHz wave during its
roundtrip propagation through a nominal 250-m radar
resolution volume by about 0.3 dB, a nonnegligible
amount. The way we accounted for this effect is ex-
plained in the appendix. Because the rain-normalized
mass-weighted DSD width s� was found to vary very
little (it stays within 10% of its average value of 0.39 for
95% of all DSDs sampled), we decided to fix s� at its
mean value of 0.39, so that the parameters of the rela-
tions between Z and R [or, rather, between dBZ and r
� ln(R)] depend only on D�.

We thus have to determine if the system

FIG. 1. Ratio Z14GHz/Z35GHz vs the mass-weighted mean drop
diameter Dm (�4/�) in the case of the exponential DSD model.
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Z1 � ln�Z1� � a1�D�� � b1�D��r � c1�D��r2�

� ln�1 � e�2q
1

2q
1
� � 2C1 and

Z2 � ln�Z2� � a2�D�� � b2�D��r � c2�D��r2�

� ln�1 � e�2q
2

2q
2
� � 2C2 �7�

admits a unique solution pair (r, D�). Here, Z1 and Z2

are the equivalent radar reflectivity factors measured
from a given radar resolution volume, (ai, bi, ci) are the
coefficients of the quadratic dBZ–r relation at the ith
frequency, � � �e���r��r2

with (�i, �i, �i) the coeffi-
cients of the quadratic k–r relation at the ith frequency
and � the thickness of the radar volume, q is the con-
stant 0.1 ln(10), and C is the integrated attenuation
from the layers between the radar and the current reso-
lution volume (assumed known). The functions a, b, c,
�, �, and � are obtained using quadratic regressions as
described in Meagher (2002), with the Z and k values
calculated by integrating realizations of the DSD model
with Mie code.

Because the system is far from being linear in r and
D�, to determine whether the system is one to one is
equivalent to determining if it is invertible. The inverse
function theorem states that for a smooth function if
the Jacobian is invertible at some point then there ex-
ists a smooth inverse in a neighborhood around that

point (Rudin 1976). Hence, one needs to check if the
determinant of the Jacobian is nonzero, that is, if

�
�Z1

�u

�Z1

�r

�Z2

�u

�Z2

�r
� � 0, �8�

FIG. 2. Jacobian of (Z14, Z35) as a function of the variables r � ln(R) and u � ln(D�); det � 0
locations are marked by red points.

FIG. 3. The (Z14, Z35) values corresponding to different DSDs.
Each curve corresponds to a fixed value of Dm/R0.15 (�D�), with
R varying along the curve. The ambiguous region is identified as
the area of curve crossing.
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where Z � ln(Z), r � ln(R), and u � ln(D�). Figure 2 is
a plot of the determinant, that is, the left-hand side of
(8). The points in red are the ones where the determi-
nant vanishes and near which the system is not invert-
ible.

Figures 3 and 4 illustrate the ambiguity by showing
the dependence of the reflectivity factors on R and D�.
Figure 3 shows how a single (Z14, Z35) measurement
can be explained by two distinct (D�, R) pairs in the
region where dBZ14 � 30 and dBZ14 � dBZ35. All
points in this “ambiguous” region have R values smaller
than 6 mm h�1.

Figure 4 confirms this “curve crossing” phenomenon
with DSD samples collected during the Tropical Ocean
and Global Atmosphere Coupled Ocean–Atmosphere
Response Experiment (TOGA COARE). Clearly, at
lighter rain rates the (14, 35 GHz) system is not one to
one, that is, the two frequency channels cannot unam-
biguously determine the rain rate and one drop size
distribution parameter. This is not surprising, because
lighter rain rates imply smaller drops, and the reflec-
tivities of smaller drops are not sufficiently different at
14 and 35 GHz. While the difference between the at-
tenuation factors at the two frequencies may be more
substantial, the magnitude of the attenuation over a
single resolution volume is not sufficiently large to be
exploitable in the inversion.

Different choices of frequencies can be considered by
calculating their corresponding Jacobian, (8). We shall,
however, proceed directly to examining a triple-fre-
quency system, because alternate dual-frequency com-
binations are considered as part of the triple-frequency
analysis.

3. Triple-frequency radar

A possible solution to the ambiguity of the dual-
frequency system is to add a third frequency channel
and again check the system for multiple solutions. Both
24 and 94 GHz have been proposed as suitable frequen-
cies for atmospheric hydrometeor remote sensing: 94
GHz being the frequency used for the CloudSat Cloud

FIG. 4. The (Z14, Z35) calculated from TOGA COARE DSD
data using Mie scattering code. One can distinguish the “curve
crossing” phenomenon as in Fig. 3 despite the scatter.

FIG. 5. Determinants for the different combinations of 14-, 24-, and 35-GHz channels.
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Profiling Radar (CPR) (Li et al. 2000) and 24 GHz
being initially proposed as a second frequency for the
Tropical Rainfall Measuring Mission (TRMM) radar
system (Simpson 1988).

A radar with three frequencies leads to a system simi-
lar to (7), which must be checked for multiple solutions.
The Jacobian for a three-frequency system is

�
�Z1

�u

�Z1

�r

�Z2

�u

�Z3

�u

�Z2

�r

�Z3

�r

�, �9�

a matrix whose rank depends on the three minors

�
�Z1

�u

�Z1

�r

�Z2

�u

�Z2

�r
�, �

�Z1

�u

�Z1

�r

�Z3

�u

�Z3

�r
�, and �

�Z2

�u

�Z2

�r

�Z3

�u

�Z3

�r
�, �10�

with a minor Mij being the reduced determinant of a
determinant expansion that is formed by omitting the
ith row and jth column of a matrix. We shall consider
two three-frequency combinations, 14 and 35 GHz
along with either 24 or 94 GHz.

Figure 5 shows the surfaces for the three determi-
nants (10) for 14, 24, and 35 GHz. Because all three

surfaces cross the ru plane none of the three possible
two-frequency combinations would allow for an unam-
biguous inversion.

While the inclusion of a 24-GHz channel adds little
useful information for the unambiguous determination
of D� and R, including a 94-GHz channel does improve
the prospects for an unambiguous retrieval. Figure 6
shows that the Jacobian surfaces corresponding to 94
GHz are well removed from the ru plane.

Figure 7 shows how a single (Z35, Z94) measurement
should correspond to a single (D�, R) in our DSD

FIG. 6. Determinants for the different combinations of 14-, 35-, and 94-GHz channels.

FIG. 7. The (Z35, Z94) values corresponding to different DSDs.
Each curve corresponds to a fixed value of Dm/R0.15 (�D�), with
R varying along the curve.
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model, and Fig. 8 confirms this observation with DSD
samples collected during the TOGA COARE experi-
ment. This would seem to imply that the dual-fre-
quency combinations (14, 94 GHz) and (35, 94 GHz)
should allow for the determination of the rain rate as
well as the mean drop size.

However, (7) ignores the attenuation resulting from
cloud-sized particles, and the latter can definitely not
be ignored at 94 GHz. In fact, if we approximate the
cloud droplet distribution as a bimodal mixture of typi-
cally small (10 
m) and large (70 
m) droplets, Mie
scattering shows that the attenuation resulting from
these cloud particles is (Meagher 2002)

kc � ��1 � gc�Mc dB km�1, �11�

where Mc is the cloud liquid water (g m�3), and �
c

�
(mass of large droplets)/(mass of all droplets) is the
cloud mass fraction that comes from drizzle-sized
drops, which we shall consider here to be a parameter
(as opposed to an additional variable to be determined
from the measurements). The values for the constants
(
, g) at 14, 35, and 94 GHz are 
14 � 0.14 and g14 �
0.0038, 
35 � 0.83 and g35 � 0.007, and 
94 � 4.47 and
g94 � 0.016, respectively. Thus, even a monodisperse
liquid cloud of 10-
m droplets with a modest 0.15 g m�3

water content would attenuate a 94-GHz signal by over
0.3 dB through a nominal 250-m radar resolution volume.

Accounting for the cloud attenuation, our reflectivity
equation in (7) becomes

Z � a�D�� � b�D��r � c�D��r2� � ln�1 � e�2q


2q

�

� q��1 � gc�Mc� � 2C, �12�

and the Jacobian for the three-frequency system

�
�Z14

�u

�Z14

�r

�Z14

�Mc

�Z35

�u

�Z35

�r

�Z35

�Mc

�Z94

�u

�Z94

�r

�Z94

�Mc

� �13�

is therefore proportional to

FIG. 8. The (Z35, Z94) calculated from TOGA COARE DSD
data using Mie scattering code.

FIG. 9. Jacobian of (Z14, Z35, Z94) including cloud attenuation, assuming a large-droplet
cloud mass fraction �c � 10%; det � 0 locations are marked by red points.
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�35�1 � g35c� �
�Z14

�u

�Z14

�r

�Z94

�u

�Z94

�r
� � �94�1 � g94c� �

�Z14

�u

�Z14

�r

�Z35

�u

�Z35

�r
� � �14�1 � g14c� �

�Z35

�u

�Z35

�r

�Z94

�u

�Z94

�r
�. �14�

Clearly, because (12) is linear in Mc, the Jacobian only
depends on variables r and u, that is, on R and D�. Its
dependence on the large-droplet mass fraction �c is
weak, because the magnitudes of the coefficients g are
quite small. Moreover, because 
94 is much larger than

14 and 
35, one would expect that the value of the
Jacobian would be very close to that of the (Z14, Z35)
minor, that is, that its dependence on R and D� will be
very similar to the behavior of the Jacobian of the (14,
35 GHz) dual-frequency system. Figure 9 plots (14) for
�c � 0.1. We have verified that the surfaces correspond-
ing to different values of �c from 0 to 1 are quite similar;
in particular, they all cross the ru plane. This means that
the system will not have a unique solution (R, D�, Mc)
for a given triple of measured reflectivities.

Thus, if the cloud liquid water content has to be con-
sidered an independent variable in addition to the rain-
water content and the mean raindrop size, three fre-
quencies are not sufficient to determine the state vari-
ables unambiguously. In many cases, such as the wide
stratiform areas generated by tropical convection, the
cloud liquid water content is typically not substantial
enough to contribute significantly to the higher-
frequency attenuations (see Fig. 10) and therefore does
not warrant being considered an independent variable.
In those cases, a dual- or triple-frequency system, in-
cluding a 94-GHz channel, should be capable of sorting
out the rain variables. In other cases, such as incipient
tropical convective cells in which cloud liquid cannot be
ignored, the three reflectivities are not sufficient to re-
solve the ambiguities.

4. Conclusions

This study concentrated on the determination of rain
characteristics within an individual radar resolution vol-
ume. The conclusions presume that the radar channels
have sufficient dynamic range to span the possibly large
absorption by liquid water at higher frequencies, and
that the accumulated attenuation can be accurately
tracked through consecutive resolution volumes. Be-
cause the reflectivities of smaller raindrops are not suf-
ficiently different at lower frequencies such as 14 and 35
GHz, one can hope for an unambiguous determination
of rain rate and mean drop size from a (14, 35 GHz)

dual-frequency radar only if the rain rate is known a
priori to be greater than 6 mm h�1. An additional 24-
GHz measurement would not be sufficiently indepen-
dent to help in the retrieval. A (14, 94 GHz) or (35, 94
GHz) system would permit an unambiguous retrieval if
the 94-GHz cloud absorption were negligible, that is, if
the cloud liquid water content were known a priori to
be smaller than 0.15 g m�3. If the cloud liquid has to be
considered as an independent variable, the reflectivities
at 14, 35, and 94 GHz are not sufficiently independent
for the unambiguous determination of rain rate, mean
drop size, and cloud liquid water content.

FIG. 10. Cloud liquid vs precipitating liquid (in 700-m-thick lay-
ers between the surface and the melting band) according to cloud-
resolving simulations of a mesoscale convective system observed
during TOGA COARE (Trier et al. 1996): (a) stratiform and (b)
convective clouds.
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APPENDIX

Attenuated Reflectivity

Consider a radar resolution volume of thickness �
starting at height x � bottom and extending up to x �
top, and assume that the reflectivity factor Z and the
attenuation coefficient k are constant within the vol-
ume. The measured reflectivity Zm would then be

Zm � �e�2q�
0

top
k� 1

� �
top

bottom �Ze�2q�
top

r
k� dr

� Z�1 � e�2qk�

2qk�
�e�2q�

0

top
k, �A1�

with q � 0.1 ln(10).
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